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Abstract
Diuse or localized dynamic necking of a sheet metal is a major issue in high speed
forming processes, leading to unacceptable thinning and even failure if fully developed, and
in the dynamic behaviour of metallic structural elements of small thickness used for energy
absorption purposes. This process is frequently related to the collective development of
localization bands resulting in a necking pattern which depends on the sheet properties and
on the loading conditions. This work investigates the spacing between necking bands in
sheets made of a thermoviscoplastic metal and submitted to dynamic biaxial loading. For
that task a linear perturbation technique, derived within a 2D framework which specically
accounts for stress triaxiality eects upon strain localization, has been developed. Using
this methodology, a dominant instability mode can be identied, whose wavelength is
related to the necking-band spacing. Likewise, fully 3D nite element simulations have
been performed in order to verify and complement the outcomes of the aforementioned
theoretical approach. The eects of loading conditions (loading path and loading rate),
and thermal coupling on the stability of the deformation process and on the distance
between necking bands are examined. We have shown that the neck spacing increases with
the ratio of strains and decreases with the loading rate and the temperature rise.
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2Nomenclature
1. Introduction
Sheet metal forming is devised to make products of complicated shapes which are widely
used in, for instance, aeronautical and automotive industries. The success of this type of
metal-working processes is determined by the maximum deformation that the material can
withstand, which is closely tied to the onset of plastic instabilities like shear bands and
necking. Regarding the sheet necking phenomena, two stages in the instability process are
usually identied: the diuse necking (Swift, 1952) and the localized necking (Hill, 1952).
A useful tool to design and optimize metal forming processes is the forming limit diagram
(FLD). FLDs show the combination of major and minor in-plane principal strains prior to
the onset of localized necking. The concept, originally introduced by Keeler and Backofen
(1963), was fully developed by Goodwin (1968).
In order to obtain theoretical FLDs, the localized necking model proposed by Hill
(1952) could be used. However, within the framework of the ow plasticity theory, this
procedure predicts an innite ductility under stretching conditions when the ratio of strains
(major to minor in principal strains) is positive, while experiments show that necking ap-
pears in biaxially stretched sheets. To allow for necking inception, Marciniak and Kuck-
zynski (1967) introduced imperfections (caused by factors such as local grain variation,
texture, thickness reduction,...) normal to the axis of maximum principal strain. An al-
ternative approach to resolve the discrepancy observed with the Hill's model was proposed
by Storen and Rice (1975), who performed a study based on bifurcation analysis using a
J2 rate-independent deformation theory, which introduced an eect similar to a pointed
vertex on the yield loci, promoting instability in biaxial tension. This procedure has been
further reformulated by several authors (Hutchinson et al., 1978; Needleman and Rice,
1978; Chin-Chan, 1995; Novak and Laurova, 1989; Zhu et al., 2001).
The linear perturbation analysis is an alternative approach to analyze the problem
(Dudzinski and Molinari, 1988, 1991; Toth et al., 1996; Li and Chandra, 1999; Li et al.,
2012). The method consists on superimposing a perturbation to the basic homogeneous
3Symbol Denition
t Time
 Perturbation growth rate
e Eective e-instability
X,Y ,Z Lagrangian coordinates of principal strain rate directions
x,y,z Eulerian coordinates of principal strain rate directions
X1,X2 Lagrangian coordinates of perturbation directions
x1,x2 Eulerian coordinates of perturbation directions
	 Angle between directions X and X1
Lx,Ly Dimensions of the sheet in directions X,Y
h Sheet thickness
2a Neck thickness
 Bridgman's correction factor
 Perturbation wavenumber
Ux,Uy Displacements in directions X,Y (lagrangian description)
Vx,Vy Velocities in directions X,Y (lagrangian description)
vx,vy Velocities in directions X,Y (eulerian description)
Ax,Ay Accelerations in directions X,Y (lagrangian description)
"x,"y,"z Logarithmic strains in directions X,Y ,Z
" Ratio of strains in directions Y and X
 _" Ratio of strain rates in directions Y and X
" Equivalent strain
F Deformation gradient tensor
d Rate of deformation tensor
l Velocity gradient tensor
 Cauchy stress tensor
neck Stress across the neck
avg Uniform stress across the neck
u Averaged stress across the neck
 Equivalent stress
Y Yield stress
 Plastic multiplier
Table 1: Symbols 1.
4Symbol Denition
 Temperature
 Mass density
yo Reference yield stress
_"ref Reference strain rate
n Strain hardening coecient
m Strain rate hardening coecient
 Temperature softening coecient
 Taylor-Quinney coecient
k Thermal conductivity
c Heat capacity per unit volume
_ Material time derivative
^ Non-dimensional variable
0 Variable at time t = 0
1 Variable at perturbation time t = t1
L Variable in the material conguration
E Variable in the spatial conguration
c Critical value of the variable (at maximum perturbation growth)
Table 2: Symbols 2.
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ow at certain stage of the postulated homogeneous deformation process of the sheet. The
ow instability or stability is established by the increasing or decreasing character of the
perturbation. The method has been used in Solid Mechanics for the analysis of plastic
localization under shear loading (Bai, 1982; Molinari, 1985; Molinari and Clifton, 1987;
Rodrguez-Martnez et al., 2015a), uniaxial tensile loading (Fressengeas and Molinari, 1985;
Zhou et al., 2006; Vadillo et al., 2012; Rodrguez-Martnez et al., 2013a,b, 2015b; Zaera
et al., 2014) and plane strain conditions (Mercier and Molinari, 2003; Jouve, 2013a,b).
Several phenomenological ductile fracture criteria (Cockcroft and Latham, 1968; Oh
et al., 1979; Oyane et al., 1980; Ko et al., 2007; Bai and Wierzbicki, 2010) have been used to
predict the forming limit diagrams (Clift et al., 1990; Wi et al., 1996; Takuda et al., 1999;
Han and Kim, 2003; Ozturk and Lee, 2004; Liu et al., 2009; Chen et al., 2010). Lou et al.
(2012) predicted the fracture forming limit diagrams of sheet metals using models based
on nucleation, growth and coalescence of voids (Gurson, 1977; Tvergaard and Needleman,
1984). Continuum Damage Mechanics Approach (CDM) (Krajcinovic and Lemaitre, 1987;
Lemaitre and Chaboche, 1990) is the base of other ductile damage criteria employed in
this eld (Lemaitre, 1993; Tai, 1985; Wang, 1995; Aboutalebi et al., 2012).
Since the strain rate aects both plastic ow and ductility of metals, its inuence in
forming limit diagrams could be expected. In this regard, theoretical research on the rate
sensitivity of FLDs (Hutchinson et al., 1978; Lee and Zaverl, 1982; Barata da Rocha et al.,
1985; Graf and Hosford, 1990; Nie and Lee, 1991; Li and Chandra, 1999; Zhang et al., 2009;
Li et al., 2012) as well as intensive experimental work (Percy, 1980; Shimamoto et al., 2003;
Oliveira et al., 2005; Lee et al., 2008; Grolleau et al., 2008; Jie et al., 2009; Zhang et al.,
2009; Ramezani and Ripin, 2010; Zidane et al., 2010; Verleysen et al., 2011) was conducted
in the last decades. A large variety of strain rates can be achieved using dierent sheet
metal forming processes. Thus, Shimamoto et al. (2003) performed tests on cruciform
specimens of AA7075 T6 at 1 m=s, while Zidane et al. (2010) used an hydraulic machine
applying a loading speed of 2 m=s. In the intermediate range of strain rate (100 s 1 to 500
s 1), the works of Grolleau et al. (2008) and Ramezani and Ripin (2010) could be quoted.
Using special forming techniques such as magnetic pulse forming (Oliveira et al., 2005) or
explosive forming (Percy, 1980), high rates of deformation (up to 3500 s 1) are found.
6Some authors (Jie et al., 2009; Verleysen et al., 2011) pointed out that the eect of strain
rate on FLDs is non-negligible and strongly material dependent. Jie et al. (2009) showed
the importance to consider the true rate dependency of the material for a correct prediction
of the FLD experimentally obtained. On the other hand, depending on the material
and operational conditions dierent trends have been observed. Thus, Lee et al. (2008)
concluded that the forming limit diagram of AZ31 Mg alloy decreases with increasing
strain rate. The FLDs of the steels with low quasi-static ductility improves signicantly
at high strain rates, while this variable does not aect the forming limit of steels with
already high quasi-static ductility (Seth et al., 2005). Verleysen et al. (2011) reported a
downward shift in the FLD of the S235 and DC04 steel grades at high strain rates, and
the opposite trend for the case of a CMnAl TRIP steel, while the strain rate does not have
a signicant eect on the AISI 904. The reasons for such diverse responses observed could
be related with the strong material dependency (strain hardening, strain rate sensitivity,
temperature sensitivity), as well as with the interaction between dierent coupled eects
present in the process (inertia, strain rate, loading path and geometrical eects).
In particular the inertial eect which plays a crucial role in dynamic deformation pro-
cesses (Fressengeas and Molinari, 1985; Rodrguez-Martnez et al., 2013b) has not been
clearly identied in the construction of FLDs. In fact, the dierent theoretical approaches
pointed out before (Hill, 1952; Marciniak and Kuckzynski, 1967; Storen and Rice, 1975;
Dudzinski and Molinari, 1991; Li et al., 2012) and others assume quasi-static conditions.
Therefore, we present a theoretical approach to analyse the necking instability of a biaxially
stretched sheet considering inertial eects. This problem can be considered as a model to
study the formability of metals. Two complementary methodologies are used in our inves-
tigation: linear stability analysis and nite element simulations. The results obtained with
the second method (necking strain, necking wavelength, necking orientation) at dierent
strain rates, are rationalized with the rst one, permitting to determine the conditions for
the development of plastic instabilities in the sheet.
The paper is organized as follows. Section 2 is devoted to present the governing equa-
tions of the problem, together with the initial and boundary conditions. The third and
fourth sections describe the linear stability methodology and the nite element modelling
7of the problem at hand. Section 5 shows the salient features of the stability analysis, identi-
fying the critical perturbation growth, the critical direction of perturbation and the critical
wavenumber. Section 6 presents some key outcomes of this investigation, uncovering the
eect of loading path, loading rate and thermal coupling on plastic ow localization, focus-
ing our attention on the necking band spacing. The nal conclusions of this investigation
are given in section 7.
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Figure 1: Axes of loading and of perturbation. The directions of the overall principal strain rate are x and
y. The perturbation is constant on lines X1 = constant.
2. Governing equations
From now on capital letters representing coordinates, displacements, velocities or ac-
celerations will be used for the Lagrangian frame, and lowercase letters for the Eulerian
frame. Let us consider a rectangular sheet of initial thickness h0 and edges of initial lenght
L0x and L
0
y. The sheet is subjected to constant and opposed velocities on opposed sides,
as shown in Fig. 1. Directions X and Y are therefore of overall principal strain rates (see
Appendix A for details on the kinematics of the problem). It is supposed that this loading
condition is always satised, thus elastic unloading is disregarded.
Under conditions of homogeneous deformation, the stress components are considered
as uniform through the thickness of the sheet, and direction z is of plane stress. However,
strain localization may lead to a stress gradient along thickness. Following the theory
8developed by Bridgman for two-dimensional specimens, the present work accounts for this
triaxiality eect on the stress in direction x1 (perpendicular to the neck), permitting to
calculate the averaged value of this stress along the thickness through the use of a correction
factor depending on a geometric parameter (ratio of thickness to curvature radius of the
neck). While Bridgman's theory considers either plane strain or plane stress conditions in
a direction contained in the sheet, the authors validated it for a general case with arbitrary
ratios of strain (see Appendix B for details).
The material is taken to be incompressible, of mass density , with a mechanical be-
havior described by the Huber-Mises plasticity theory, and the yield stress is given by a
simplied constitutive relation linking the yield stress Y with equivalent plastic strain ",
equivalent plastic strain rate _" and temperature .
The equations of the problem will be stated in an alternative reference frame fX1; X2g
dened by the xed angle 	 between X and X1 (Fig. 1). Eulerian coordinates with
respect to this reference frame are x1 and x2. The unknowns of the problem are: velocities
(v1, v2), strain rates (d11, d22, d33, d12), thickness (h), uniform stresses (
u
11, 
u
22, 
u
12),
through thickness averaged stress (avg11 ), equivalent stress (), yield stress (Y ), equivalent
strain ("), equivalent strain rate (_"), rate of plastic multiplier ( _), temperature () and
the argument of the Bridgman's correction factor (). The dierence between uniform and
averaged stresses are dened in Appendix B. From now on, the uniform stresses will be
written without the superscript u for simplicity. The fundamental equations governing the
loading process are presented below:
 Rate of deformation tensor
d11 =
@v1
@x1
(1)
d22 =
@v2
@x2
(2)
d12 =
1
2

@v1
@x2
+
@v2
@x1

(3)
9 Thickness
h = h0e"3 (4)
with "3 = "z.
 Yield condition (using uniform stresses, see Appendix B)
f =    Y ("; _"; ) = 0 (5)
 Equivalent stress
 =
r
211 + 
2
22   1122 +
3
2
(212 + 
2
21) (6)
 Equivalent strain rate and equivalent strain
_" =
r
2
3
d : d =
r
2
3
(d211 + d
2
22 + d
2
33 + 2d
2
12) (7)
" =
Z t
0
_" () d (8)
 Hardening law
Y ("; _"; ) = y0"
n

_"
_"ref
m

ref

(9)
where y0 is a material parameter. Moreover n,m and  are constants which represent
the strain, strain rate and temperature sensitivities of the material. _"ref and ref are
a reference strain rate and a reference temperature respectively.
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 Flow rule (using uniform stresses, see Appendix B)
d11 = _
211   22
2
(10)
d22 = _
222   11
2
(11)
d12 = _
312
2
(12)
 Incompressibility
d33 =  d11   d22 (13)
 Momentum (using averaged stresses, see Appendix B)
@ (havg11 )
@x1
+
@ (h12)
@x2
= h
Dv1
Dt
(14)
@ (h12)
@x1
+
@ (h22)
@x2
= h
Dv2
Dt
(15)
The momentum balance equation in the out of plane direction has been disregarded.
For thin plates, it can be shown that the value of the hydrostatic stress linked to
the through-thickness acceleration of particles, of order  _" (h=2)2, is negligible as
compared to the yield stress characteristic of most metal alloys.
Likewise the shear stresses 13 and 23 are negligible according to the results of the
nite element model described below, as a result of the small thickness of the plate.
Therefore, these shear components are not considered in the momentum balance.
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 Energy
c _ = k

@2
@x21
+
@2
@x22

+
k
h

@
@x1
@h
@x1
+
@
@x2
@h
@x2

+  _" (16)
where c, k and  are heat capacity per unit volume, thermal conductivity and Taylor-
Quinney coecient, respectively.
 Relation between uniform and averaged stresses in direction x1 (see Appendix B)
avg11 = 11B1 () (17)
 Argument of Bridgman's correction factor (see Appendix B)
 =
a
2R
=
h
8
@2h
@x21
(18)
In previous equations all spatial derivatives are relative to the Eulerian frame, and _,
_", Dv1=Dt and Dv2=Dt are material derivatives.
The equations (1-18) are to be solved under the following initial and boundary condi-
tions:
vx(x; y; 0) = _"
0
xx ; vy(x; y; 0) = _"
0
yy ; ij(x; y; 0) = 0
"(x; y; 0) = 0 ; (x; y; 0) = 0 ; h(x; y; 0) = h0
vx
  
1 + _"0xt

L0x=2; y; t

=  vx
    1 + _"0xtL0x=2; y; t = _"0xL0x2
vy(x;
 
1 + _"0yt

L0y=2; t) =  vy(x; 
 
1 + _"0yt

L0x=2; t) =
_"0yL
0
y
2
@
@x2

x=(1+ _"0xt)L0x=2
=
@
@x2

y=(1+ _"0yt)L0y=2
= 0
The parameters _"0x and _"
0
y dene the values of the initial strain rates in the sheet.
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3. Linear stability analysis
The linear stability analysis presented next is based on the work of Dudzinski and Moli-
nari (1988, 1991) and includes specic features to account for inertia and stress triaxiality
eects inside the necking.
The fundamental solution S(x1; x2; t) of the previous problem is obtained by integration
of Eqs.(1-18) satisfying the initial and boundary conditions previously listed. Let S1 =
v1i ; d
1
ij; h
1; 1ij; 
avg;1
11 ; 
1; "1; _"
1
; _1; 1; 1
T
be the corresponding value at time t1, when a
small perturbation S given by
S(X1; t; t1) = S1ei
LX1e(t t
1) (19)
is imposed over the fundamental solution, where
S1 = (vi; dij; h; ij; avg11 ; ; ";  _";  _; ; )
T
(20)
is the perturbation amplitude, L the wavenumber in the Lagrangian conguration
and  the growth rate of the perturbation at time t1. The perturbation is imposed in the
Lagrangian coordinate X1 to guarantee that it follows the material points.
The physical solution is the real part of
S = S1 + S (21)
with jSj  jS1j. By substituting Eq. (21) into Eqs. (1-18) and retaining only rst-
order terms, linearized equations are obtained. Additionally, ve unknowns and equations
are removed from the formulation upon linearization, namely:
1. Rate of plastic multiplier: from Eqs. (6), (7) and (10-12) we may derive the equality
between equivalent strain rate and rate of plastic multiplier. Thus we may use _"
instead of _ in the ow rule and omit Eq. (7).
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2. Shell thickness: Linearization of Eq. (4) leads to
h =
h1

d33 (22)
where the following relation has been used
"3 =
d33

(23)
which allows to write h in terms of d33.
3. Equivalent strain: Dierentiation and linearization of Eq. (8) leads to
 _" = " (24)
and " may be written in terms of  _".
4. Averaged stress: avg11 is written in terms of the uniform stress 11 using Eq. (17).
5. Yield stress: Eq. (5) stated the equivalence between  and Y upon deformation,
and we may omit the yield stress in the equations.
Finally 13 unknowns are kept, namely (in non-dimensional form)
h^ =
h
h0
; v^i =
vi
h0 _"
1 ; d^ij =
dij
_"
1 ; _^" =
_"
_"
1
^ij =
ij
y0
; ^ =

y0
; ^ =

0
; 
with i; j = 1; 2. Likewise, the non-dimensional variables dening the perturbation,
together with the perturbation angle 	L , are
^ =

_"
1 ; ^
L = L h0
14
The choice of _"
1
as a coecient for ^ permits to compare the growth rate of the per-
turbation with the deformation rate of the background solution at perturbation time.
The non-dimensional linearized equations are presented afterwards (see Appendix C
for details on spatial derivation of a perturbation in a 2D Lagrangian frame).
 Rate of deformation tensor
1d^11   i^LF 122v^1 = 0 (25)
1d^22 + i^
LF 112v^2 = 0 (26)
1d^12 +
1
2
i^LF 112v^1  
1
2
i^LF 122v^2 = 0 (27)
with
1 = F 111F
1
22   F 112F 121 (28)
and F 1ij the components of the deformation gradient at perturbation (see Appendix
C).
 Equivalent stress
^
1
 ^   2^
1
11   ^122
2
^11   2^
1
22   ^111
2
^22   3^112^12 = 0 (29)
 Hardening law
 ^  
 n
"1
+m^

^
1
 _^"  ^  ^
1
^1
^ = 0 (30)
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 Flow rule
d^111 ^ + ^
1
d^11   ^11 + 1
2
^22   2^
1
11   ^122
2
 _^" = 0 (31)
d^122 ^ + ^
1
d^22   ^22 + 1
2
^11   2^
1
22   ^111
2
 _^" = 0 (32)
d^112 ^ + ^
1
d^12   3
2
^12   3^
1
12
2
 _^" = 0 (33)
 Incompressibility
d^11 + d^22 + d^33 = 0 (34)
 Momentum
 
F 122^
1
11   F 112^112

d^33 + F
1
22^^11   F 112^^12 +
2
3
F 122^
1
11^ 
1
~I2
1^2
i^L
v^1 = 0 (35)
 
F 122^
1
12   F 112^122

d^33 + F
1
22^^12   F 112^^22  
1
~I2
1^2
i^L
v^2 = 0 (36)
where
1
~I2
=


h0 _"
1
2
y0
(37)
represents the inertial resistance to motion.
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 Energy
 
h
~c
 
1
2
^ + ~k
 
F 122
2
+
 
F 112
2
(^L )2
i
^ + 
 
1
2
^
1
 _^"+ 
 
1
2
 ^ = 0 (38)
with
~k =
0k
y0(h0)2 _"
1 (39)
~c =
0c
y0
(40)
 Ratio of neck radius to neck curvature radius
8
 
1
2
^+

h^1^LF 122
2
d^33 = 0 (41)
A non-trivial solution for S^1 is obtained only if the determinant of the system of linear
algebraic equations (25-27), (29-36), (38) and (41) is equal to zero. This condition is
found to be a fth-degree polynomial in ^(^L ) which gives, for a certain value of the time
at perturbation t1, the value of ^ as a function of the dimensionless wavenumber in the
material description ^L . The requisite for unstable growth of S is given by the condition
Re () > 0. The quoted polynomial has ve roots in ^ among which the one that is real
and positive ^+ (which also shows the maximum real part) represents the unstable growth.
Note that, according to Rodrguez-Martnez et al. (2013c, 2015b) the perturbation growth
+ is assumed to represent the onset of diuse necking, the very rst stages at which the
plastic ow deviates from the background deformation. Moreover, imposing the condition
for maximum perturbation growth @^+=@^L = 0, the critical wavenumber ^Lc and the
critical perturbation growth ^+c are determined.
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4. Finite element modelling of the dynamic biaxial loading of a thermovis-
coplastic sheet
This section describes the features of the nite element model developed to simulate
the rapid stretching of a ductile sheet. The numerical analyses are carried out using the
nite element program ABAQUS/Explicit (Simulia, 2013a). The reference conguration
of the sheet is given by the domain  L0x=2  X  L0x=2,  L0y=2  Y  L0y=2 and
 h0=2  Z  h0=2, with L0x = L0y = 50 mm and h0 = 2 mm. Due to the symmetry of the
problem with respect to the plane Z = 0, only the Z  0 half of the specimen has been
analyzed. The sheet has been meshed using a total of 63075 eight-node reduced integration
elements (C3D8R in ABAQUS notation), 145 in X and Y directions, and 3 in Z direction.
Following the considerations reported by Zukas and Scheer (2000) the element aspect
ratio is  1 : 1 : 1. To prevent hourglass deformation modes, the viscous method available
in ABAQUS/Explicit has been used, with a scale factor for all hourglass stinesses equal
to one.
A mesh sensitivity analysis was performed, considering the initial loading rate _"
0
=
5000 s 1 and isothermal conditions ( = 0). This loading and material conguration
leads to the greatest values of necking strain examined in this paper (greatest elements
deformation), and therefore to the most adverse working conditions for the mesh. We have
checked that obtaining mesh independent results (in terms of stress, strain and necking
inception) for this loading and material conguration implies obtaining mesh independent
results for any other conguration investigated in this paper.
The imposed loading conditions are:
Vx(L
0
x=2; Y; t) =  Vx( L0x=2; Y; t) = _"0xL0x=2
Vy(X;L
0
y=2; t) =  Vy(X; L0y=2; t) = _"0yL0y=2 (42)
In order to avoid the spurious propagation of waves along the plate, caused by the appli-
cation of these boundary conditions in a solid at rest, specic initial conditions consistent
with the boundary conditions are imposed (see Zaera et al. (2014) for detailed explanation
of these initial conditions)
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Vx(X;Y; 0) = _"
0
xX
Vy(X; Y; 0) = _"
0
yY
Vz(X;Y; 0) =  
 
_"0x + _"
0
y

Z (43)
Neither geometrical nor material imperfections were introduced into the model, being
the numerical round-o sucient to perturb the eld variables (Rusinek and Zaera, 2007;
Vadillo et al., 2012; Rodrguez-Martnez et al., 2013b). Regarding initial thermal condi-
tions, 0 has been taken equal to 293 K in all cases. The whole model was dened with a
script to allow the rapid denition of initial and boundary conditions in consonance with
the particular loading case considered.
Table 3 shows the parameters of the baseline material, representative of an HRS steel
(Clifton et al., 1984), that are used in both stability and FE analyses, unless otherwise
stated. The set of equations describing the thermoviscoplastic behaviour of the material
are implemented in the nite element code, considering a large deformation frame, through
a user subroutine following the fully implicit integration scheme developed by Zaera and
Fernandez-Saez (2006).
5. Salient features of the stability analysis
In this section the main features of the stability analysis are presented and discussed.
For simplicity, this is conducted under isothermal conditions ( = 0), thus avoiding thermal
softening and heat ow. The loading and perturbation conditions are selected through the
values of the initial equivalent strain rate _"
0
, the strain in direction X at perturbation
("1x), and the ratio of strains in directions Y and X at perturbation (
1
" = "
1
y="
1
x). The
rst one permits to select the rate at which the sheet is loaded, and the other two the
state of deformation at which the stability of the perturbation is analysed. Using Eq. (7)
in directions fX;Y g at t = 0, and Eqs. (A.10) and (A.16) at t = t1, we may derive _"0x
and _"0y to set the loading conditions, and t
1 to set the perturbation time. The kinematic
variables of the homogeneous solution are then explicitly obtained with the equations
given in Appendix A, while the homogeneous stress and temperature elds are obtained
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Symbol Property and units Value
y0 Material parameter (MPa), Eq. (9) 710
n Strain hardening exponent, Eq. (9) 0:12
m Strain rate sensitivity exponent, Eq. (9) 0:0133
 Temperature sensitivity exponent, Eq. (9)  0:51
ref Reference temperature (K), Eq. (9) 293
_"ref Reference strain rate (s
 1), Eq. (9) 10 3
 Taylor{Quinney coecient, Eq. (16) 0.9
k Thermal conductivity (WK 1m 1), Eq. (16) 16
c Specic heat (MJK 1m 3), Eq. (16) 3:61
 Material density (kg m 3), Eq. (16) 7850
E Young modulus (GPa) 200
 Poisson ratio 0:33
Table 3: Material properties representative of the HRS steel (Clifton et al., 1984).
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by integration of governing equations. The ratio of strain rates at t = 0 is given by
0_" = _"
0
y= _"
0
x.
5.1. Critical perturbation growth
Figure 2 shows the dimensionless perturbation growth ^+ versus the dimensionless
wavenumber ^L . The initial equivalent strain rate has been set to _"
0
= 1000 s 1, and the
perturbation is imposed at "1x = 0:3 and 
1
" = 0 (plane strain in direction Y ). An orientation
described in Lagrangian coordinates 	L = 0 is considered for the perturbation. To be
noted that in this particular case Lagrangian and Eulerian descriptions coincide 	L =
	E = 0. In a more general scenario, they are related by Eq. (A.28). Results in which
inertia eects and Bridgman correction are alternatively switched on and o are depicted
in Fig. 2. We show that inertia slows down the growth of long wavelength perturbations
and stress triaxiality slows down the growth of short wavelength perturbations, promoting
an intermediate wavelength which determines the critical perturbation growth ^+c and
critical wavenumber ^Lc . This behaviour, already highlighted elsewhere (Fressengeas and
Molinari, 1994; Molinari, 1997; Mercier and Molinari, 2003, 2004; Zhou et al., 2006) for
dierent loading paths, is now conrmed for biaxial loading. Thus, from this point on,
we focus our attention on the critical perturbation growth ^+c (most unstable material
condition for given perturbation orientation 	) for the case which considers both inertia
and stress multiaxiality eects.
Figure 3 shows the critical perturbation growth ^+c versus the direction of perturbation
in the Lagrangian conguration 	L for dierent values of 1". The perturbation is imposed
at "1x = 0:3. We show that ^
+
c varies with the direction of perturbation 	
L . Furthermore,
three dierent scenarios are identied as a function of the value of 1".
 1" < 0. A pair of excursions in the curves ^+c   	L , equidistant from the direction
	L = 0, are observed. The orientation which determines these excursions will be
named as the critical direction of perturbation 	Lc . As 
1
" approaches zero, 	
L
c
comes closer to zero. These excursions become sharper and narrower as 1" decreases,
boosting the dominant character that the critical direction of perturbation shows
over the rest of possible orientations of perturbation. Moreover, the value of ^+c
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Figure 2: Dimensionless perturbation growth ^+ versus dimensionless wavenumber ^L . Plane
strain 1" = 0 and isothermal conditions. Initial equivalent loading rate _"
0
= 1000 s 1. Pertur-
bation at 	L = 0.
corresponding to the peaks increases as 1" increases.
 1" = 0. This loading condition corresponds to plane strain. The two excursions
obtained for 1" < 0 are now merged into one which is located at 	
L = 0. In
comparison with the 1" < 0 cases, now: (i) the excursion in the ^
+
c   	L curve is
wider and blunter, slowing down the dominant character that the critical direction
of perturbation shows over the rest of perturbation orientations; (ii) the value of ^+c
obtained for 	Lc is larger.
 1" > 0. One excursion in the curve ^+c   	L , located at 	L = 0, is obtained. In
comparison with the 1" = 0 case, now: (i) the excursion in the ^
+
c   	L curve is
wider and blunter, slowing down the dominant character that the critical direction
of perturbation shows over the rest of perturbation directions; (ii) the value of ^+c
obtained for 	Lc is smaller.
Thus, from this point on, we focus our attention on the critical perturbation growth ^+c
corresponding to the critical orientation 	Lc (most unstable material condition for given
ratio of strains "). The following conclusions can be derived from previous analysis:
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1. The maximum value of the critical perturbation growth corresponds to plane strain
(1" = 0). Therefore, this loading path determines the most unstable material condi-
tion. In other words, the minimum necking strain shall correspond to plane strain.
2. The critical perturbation growth gradually decreases as the loading path gets away
from plane strain, which stabilizes material behaviour. In other words, the necking
strain shall increase as the loading path moves away from 1" = 0.
3. For strain paths with 1"  0 only one family of parallel necks shall develop, whereas
two families of parallel necks shall emerge for strain paths with 1" < 0.
It is worth to point out that the critical direction of perturbation 	Lc , obtained with
the stability analysis, coincides with the direction of zero stretch rate if 1"  0. This
direction was identied by Storen and Rice (1975), using a bifurcation analysis, as that
corresponding to the development of the neck. If d1yy=d
1
xx < 0 we nd two directions of zero
stretch rate. In the deformed conguration, the angles of these directions with respect to
the X axis (with d1xx > d
1
yy) are given by
'E_"=0 =

2
 1
2
arccos

d1xx + d
1
yy
d1xx   d1yy

(44)
A pull back of these directions to the reference conguration, using the inverse of ex-
pression (A.28), permits to compare their values with the critical direction of perturbation,
nding perfect agreement, as can be observed in Fig. 3.
In order to provide further insights into previous observations, we adopt the following
procedure developed by Dudzinski and Molinari (1991). Let us consider a given ratio
of strains at perturbation 1" and a given positive number e . The values (if they exist)
"x(e ; 
1
";	
L
c ) and "y(e ; 
1
";	
L
c ) of strains in principal directions X and Y are considered,
for which ^+c satises the relation ^
+
c = e . When this condition is realized, the critical
mode associated to the Lagrangian critical orientation 	Lc and the ratio of strains at
perturbation 1" is said to present an eective instability of intensity e , or an eective
e{instability. Then, the parameter e introduced is a measure of the rate of growth of the
most critical perturbation mode for a given ratio of strains at perturbation 1". In other
words, among all the unstable modes for given 1", we are selecting those attaining a growth
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Figure 3: Critical perturbation growth ^+c versus direction of perturbation 	
L for dierent values
of the ratio of strains at perturbation: 1" =  0:25, 1" =  0:05, 1" = 0:0 and 1" = 0:15. For
the cases in which 1"  0 the corresponding directions of zero strain rate, Eq. (A.5), are shown.
Initial equivalent loading rate _"
0
= 1000 s 1 and isothermal conditions.
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rate equal to e . The corresponding strain "1x can be roughly viewed as the strain for which
the instability develops a growth rate equal to e (and provides a qualitative idea of the
material necking strain for given 1" as further discussed in this paper).
Thus, following this scheme, Fig. 4 shows the perturbation strain in principal direction
X versus the perturbation strain in principal direction Y for dierent values of the eective
e{instability. It has to be noted that this type of graph ("1x versus "
1
y) follows the scheme
used to represent forming limit diagrams (FLDs), in which the major and minor in-plane
principal strains are confronted. Several comments arise from these calculations which, for
the sake of clarity, are organized as follows:
1. Inuence of the minor in-plane principal strain "1y: (i) The minimum value of "
1
x is
obtained for plane strain "1y = 0, i.e. plane strain conditions lead to the most unstable
material condition which shall correspond with the minimum necking strain. (ii)
Moving along "1y axis from plane strain to positive values of "
1
y means an increase
in "1x, i.e. positive values of "
1
y lead to material stabilization which shall correspond
with an increase in necking strain. (iii) To move along "1y axis from plane strain to
negative values means an increase in "1x, i.e. negative values of "
1
y lead to material
stabilization which shall lead to increasing necking strain.
These trends agree with those observations anticipated in previous paragraphs. Ad-
ditionally, it has to be strengthened that these trends build a FLD-type scheme that
nds good qualitative agreement with experimental results reported in the literature
for most metals and alloys.
2. Inuence of the eective e{instability: (i) Increasing the eective e{instability moves
upwards the "1x  "1y curve, i.e increasing strain boosts material destabilization which
agrees with the observations reported in Rodrguez-Martnez et al. (2015b) and Zaera
et al. (2014) for uniaxial tension conditions and by Mercier and Molinari (2003) for
plain strain. (ii) The value of e does not change the fundamental aspects of the
interplay between "1y and "
1
x, i.e. the analysis reported in previous paragraph is
independent of the value of e .
On the one hand, using the eective e{instability concept allows to obtain results
from the stability analysis that simulate the scheme of FLDs (Dudzinski and Moli-
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nari, 1991). On the other hand, this user-dependent parameter does not modify
qualitatively the results (general trends) derived from the model.
As an additional remark, Fig. 4 shows two strain paths, one for a positive (P1) and
one for a negative (P2) ratio of strains 
1
". As stated in Appendix A, the kinematics
considered for the homogeneous state of deformation leads to non-proportional straining
in order to verify uniformity in the stress eld. However, the paths are practically straight
thus representing adequately a proportional loading "y="x  constant ("   _").
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Figure 4: "1x (perturbation strain in principal direction X) versus "
1
y (perturbation strain in princi-
pal direction Y ) for dierent values of the eective e{instability: e = 2:5, e = 5, e = 10, e = 20
and e = 40. Strain paths for two dierent ratios of strain 1" > 0 (P1) and 
1
" < 0 (P2). Initial
equivalent loading rate _"
0
= 1000 s 1 and isothermal conditions.
5.2. Critical direction of perturbation and critical wavenumber
Following the same scheme used to present the values of the eective e-instability, Fig. 5
shows the critical direction of perturbation 	Lc in the material description, corresponding
to dierent strains ("1y; "
1
x), calculated with the linear stability analysis. Two dierent
situations are identied as a function of the sign of the value assigned to 1":
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 1" > 0. Critical direction of perturbation is dened by 	Lc = 0, which means that
necking bands are oriented following direction Y .
 1" < 0. Critical direction of perturbation has a value dierent than zero. Keeping in
mind Fig. 3, necking bands are then oriented along directions forming an angle 	Lc
with respect to axis Y . This angle increases with the absolute value of the ratio of
strains 1".
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Figure 5: "1x (perturbation strain in principal direction X) versus "
1
y (perturbation strain in princi-
pal direction Y ) for dierent values of the critical direction of perturbation: 	Lc = 0
, 	Lc = 5,
	Lc = 10
, 	Lc = 15 and 	Lc = 20. Initial equivalent loading rate _"
0
= 1000 s 1 and isothermal
conditions.
Fig. 6 shows the perturbation strain in principal direction X ("1x ) versus the pertur-
bation strain in principal direction Y ("1y) for dierent iso-wavenumber ^
L
c curves. Consid-
ering both inertial and triaxial eects allows to derive a critical wavenumber (Fig. 2) that
could not be determined otherwise by the linear stability analysis. The iso-wavenumber
^Lc curves show a minimum for "
1
y = 0 and increase as one moves away from plane strain.
As we further elaborate in forthcoming sections of this paper, the critical wavenumber
allows for calculation of the critical distance between necks. This is one of the salient and
27
distinctive features of the approach herein presented.
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6. Analysis and results
In this section of the paper we show the key outcomes obtained from the nite elements
and the stability analysis. Our interest is focused on the onset and development of strain
localization bands (necking bands), paying specic attention to: (1) the inuence of loading
path in neck spacing which is investigated in section 6.1, (2) the eect of loading rate which
is addressed in section 6.2, and (3) the eect of thermal coupling which is addressed in
section 6.3.
As in section 5, we use the reference material parameters listed in Table 3. In Fig. 7
we show results from the nite element calculations and the linear stability analysis (for
isothermal conditions  = 0 and _"
0
= 1000 s 1). This gure is considered essential since
it illustrates the approach followed in sections 6.1, 6.2 and 6.3.
 Finite element calculations: we illustrate the strain in principal direction X ("neckx )
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versus the strain in principal direction Y ("necky ), both measured at diuse necking.
The numerical computations were conducted within the range j"necky j . 0:15. The
term diuse necking strain (from this point designated indistinctly as necking strain)
describes the stage of the loading process at which the local plastic ow deviates from
the background value. The diuse necking is a measure of material instability, alter-
native to the localized necking criterion which is commonly used in computational
analyses (Triantafyllidis and Waldenmyer, 2004; Zaera et al., 2014). In the present
context, determination of the diuse necking presents a clear advantage: the diuse
necking strain can be correlated with the perturbation growth in the stability anal-
ysis, as mentioned in section 3. Further discussion on the suitability of the diuse
necking criterion to evaluate material instability is developed in Appendix D, where
we compare results obtained from both diuse and localized necking criteria.
The loading time corresponding to the diuse necking is determined in the simulations
as the loading stage for which the rst localization pattern appears, i.e. the rst
time we observe excursions of strain coming out from the fundamental solution.
The time corresponding to diuse necking is inserted into Eqs. (A.10) and (A.16)
to obtain ("neckx ) and ("
neck
y ) respectively. Each solid dot in Fig. 7 corresponds to
a numerical computation, while the solid line is the tting curve. There is some
scatter in the results that can be explained by the inherent variability of the round-
o errors responsible for the numerical perturbations which trigger ow localization.
Nevertheless, we claim that the number of simulations that has been carried out is
suciently large to show reliable/consistent trends in the "neckx - "
neck
y graph.
The computations conrm the observations derived from the stability analysis in
section 5. On the one hand the numerical calculations indicate that the minimum
necking strain is found for plane strain "necky = 0; the loading path for which the
stability analysis predicted the most unstable material condition. On the other hand
the numerical calculations show that moving along the "necky axis from plane strain
to positive/negative values of "necky means a considerable increase in "
neck
x . This
observation fully agrees with the stability analysis which predicted that the material
becomes stabilized as the absolute value of "necky increases.
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 Stability analysis: we illustrate the perturbation strain in principal direction X
("1x) versus the perturbation strain in principal direction Y ("
1
y) for the eective
e-instability e = 40 and dierent values of the Lagrangian critical wavenumber ^Lc .
The e-instability curve displays a concave-up shape, similar at some extent to the
"neckx   "necky curve obtained from the numerical computations. The specic curve
e = 40 is taken since it (roughly) provides the closest approximation (at least near
plane strain) to the nite element results. Similarly, we consider the iso-wavenumber
curves ^Lc which lie within the nite element results.
0
0,2
0,4
0,6
0,8
1
-0,3 -0,2 -0,1 0 0,1 0,2 0,3
ξ= 1.00
ξ=1.25
ξ=1.50
ξ=1.75
ξ=2.00
ε0 = 1000 s-1
.Finite elements: diffuse necking 
ε
y
   , ε
y
ε x
 
 
 
,
 
ε x
χ
ε
=0
(Plane strain)
χ
ε
=1
(Equibiaxial tension)
χ
ε
=-1/2
e
=
40c
c
c
c
c
neck 1
n
ec
k
1
Figure 7: Finite elements: "neckx (diuse necking strain in principal direction X) versus "
neck
y
(diuse necking strain in principal direction Y ). Stability analysis: "1x (perturbation strain in
principal direction X) versus "1y (perturbation strain in principal direction Y ) for the eective
e-instability e = 40 and dierent values of the critical wavenumber in the material conguration:
^Lc = 1:00, ^
L
c = 1:25, ^
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c = 1:50, ^
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c = 1:75 and ^
L
c = 2:00. Initial equivalent loading rate
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= 1000 s 1 and isothermal conditions.
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6.1. The eect of loading path on neck spacing
Based on the numerical computations and the stability analysis we follow three dierent
methods to determine the spacing between necking bands.
1. Method 1 (nite elements): we measure the distance between bands LL directly from
the nite element computations. In Fig. 8 we depict contours of equivalent plastic
strain " which show patterns of necking bands in the Lagrangian conguration for
dierent ratios of strain 0_" =  0:125 and 0_" = 0:05. The dynamic character of the
problem makes possible the appearance of multiple localization bands. For each sim-
ulation we measure the average distance between necking bands in the Lagrangian
conguration LL as a function of the ratio of strains at diuse necking neck" . The
average band spacing is taken in the material description in order to facilitate the
comparison with the stability analysis results. In any case investigated, the localiza-
tion bands are aligned with the critical directions of perturbation (in agreement with
the predictions of the stability analysis), and therefore coincident with the directions
of zero stretch rate when 0_" < 0, (Fig. 5). For 
0
_" < 0 we obtain two families of
bands, symmetric to each other with respect to the Y direction,
	Lc  > 0. This
necking pattern nds good qualitative correlation with the experimental evidences
reported by Vaz-Romero et al. (2015) who carried out dynamic tensile experiments
(i.e. 0_" < 0) using steels sheets. For 
0
_" > 0 we obtain multiple necking bands aligned
with the Y direction, 	Lc = 0. This necking pattern agrees with the experimental
evidences reported by Mercier et al. (2010) who carried out high-rate expansion ex-
periments in hemispherical metallic shells. The authors reported the emergence of
multiple necking bands, parallel to each other, within the small layer of the shell
which is subjected to plane strain conditions ( 0_" = 0).
For 0_" < 0 the intersection of necking bands is always observed at the boundaries of
the plate. The boundary conditions aect the arrangement and collective behaviour
of the localization bands in such manner that each pair of bands meets at the edges
of the plate. This result derived from the nite element model is consistent with
the experimental nding of Vaz-Romero et al. (2015) who reported the emergence of
two families of necking bands following the two directions of zero stretch rate which
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intersect at the sample boundaries. It should be noted that the inuence of this
spurious eect of the sample dimensions on the neck spacing gets reduced as the
number of localization bands increases. At the limit case of an innitely large plate
(innite number of bands) the dimensions of the sheet would not play any role in
the spacing (as in the stability analysis). Obviously, this ideal case neither can be
dened in the nite element computations nor in the experiments, and there will
always be some eect of the plate dimensions on the neck spacing. Nevertheless,
we have performed calculations using dierent plate sizes and systematically checked
that the plate dimensions used in the simulations reported in this paper provide
results largely independent on the plate size.
2. Method 2 (nite elements + stability analysis): we combine the results obtained from
the nite elements and the stability analysis to predict the average distance between
necking bands. In Fig. 7 each nite element result (each solid dot) corresponds to a
value of ^Lc obtained from the stability analysis. The Lagrangian critical wavenumber
is then used to calculate the average Lagrangian band spacing as LL = 2h
0
^Lc
.
3. Method 3 (stability analysis): we rely, exclusively, on the stability analysis to predict
the distance between bands. Following Dudzinski and Molinari (1991) we evaluate
the suitability of the eective e-instability criterion to determine the average band
spacing. In Fig. 7, we determine the intersections of e = 40 with the critical
iso-wavenumer curves. For each intersection point we obtain the ratio of strains
at perturbation as a function of ^Lc . The Lagrangian critical wavenumber allows
calculation of LL as in method 2.
Method 1 provides the results that will be used as a reference to check the suitability
of methods 2 and 3 to predict the average necking band spacing.
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In Fig. 9 we show the average Lagrangian band spacing LL obtained by the three
methodologies previously described. The abscissa axis is the ratio of strains at diuse
necking neck" for methods 1 and 2, and the ratio of strains at perturbation 
1
" for method
3. We already set that the strains corresponding to the condition of diuse necking in the
nite elements may be correlated with the strains corresponding to the condition ^+c = e
in the stability analysis, which makes the variables neck" and 
1
" comparable (equivalent)
at some extent. Regarding method 1, for the sake of clarity in the comparison, a tting
curve is used to represent the results obtained using this (reference) methodology. The
band spacing increases with neck" within the whole range of ratios of strain investigated.
This trend is consistent with the results of method 2; given the value of the necking strain,
the corresponding critical wavenumber calculated with the stability analysis provides an
estimation of the band spacing in close agreement with the nite elements. Moreover,
when using exclusively the results of the stability analysis (method 3), the predictions
nd agreement with methods 1 and 2 within the range  0:15 6 1" 6 0:05. Nevertheless,
for 1" <  0:15 and 1" > 0:05, neither the trend nor the values of spacing predicted by
method 3 match with the results obtained by methods 1 and 2. Specically, suciently
large absolute values of the ratio 1" lead to a dramatic decrease in L
L with little physical
meaning (the average band spacing tends to zero). This drastic decrease is caused by the
steep slope displayed by the eective e-instability curve (see Fig. 7) as the absolute value
of 1" increases. This suggests that, under dynamic loading, the validity of the eective
e-instability criterion to predict band spacing may be limited to 1" ratios relatively close
to plane strain.
Note that the nite element results are obtained under what can be referred to as an
ideal conguration, in which the perturbation of the eld variables necessary to trigger
localization is caused by numerical errors intrinsic to the explicit integration of the code.
Recall that neither geometric imperfections nor material defects have been used to favour
ow localization, the pattern of strain localization is mostly controlled by the dominant
instability mode. However, if we would have considered signicant material or geometrical
defects, the sites of strain localization could have been very much related to such defects. As
a function of the interplay between defects (of any type) and the sites of strain localization,
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Figure 9: Average Lagrangian band spacing LL obtained from methods 1, 2 and 3. The abscissa
axis is the ratio of strain at diuse necking neck" for methods 1 and 2 and the ratio of strains
at perturbation 1" for method 3. Initial equivalent loading rate _"
0
= 1000 s 1 and isothermal
conditions.
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we face two dierent situations:
 Weak interaction between defects and localization sites: it has been found experi-
mentally that multiple (and regular) localization patterns like those presented in this
paper can be found in, for instance, dynamic tensile tests performed on steel sheets
with a polished surface nish (Vaz-Romero et al., 2015) in which one could assume
the absence of signicant surface defects. Moreover, the theoretical and numerical
results reported for instance by Han and Tvergaard (1995) and Rodrguez-Martnez
et al. (2013b) have shown that at very high strain rates (and/or for largely viscid
materials) the strain localization pattern is barely related to geometrical and mate-
rial imperfections, but it is controlled by a dominant mode which determines neck
spacing.
 Strong interaction between defects and localization sites: based on a signicant num-
ber of ring expansion experiments, Zhang and Ravi-Chandar (2006, 2008) showed
than under certain loading conditions (strain rates . 104 s 1) and for rate inde-
pendent metallic materials the defects largely control the necking and fragmentation
patterns. This has been further discussed and rationalized for instance by Rodrguez-
Martnez et al. (2013c) who showed that defects of large amplitude could dictate the
necking pattern, especially if rate independent materials are considered.
Next we will study the eects that loading rate and thermal coupling have on plastic
ow localization. Specic attention is paid to the necking band spacing.
6.2. The eect of loading rate
Fig. 10 shows nite element calculations for the diuse necking strain in principal
direction X ("neckx ) versus the diuse necking strain in principal direction Y ("
neck
y ). Three
dierent loading rates are considered: _"
0
= 500 s 1, _"0 = 1000 s 1 (reference) and _"0 =
5000 s 1. It is shown that the necking strain increases with loading rate, for all the loading
paths investigated. This is the stabilizing eect of inertia (Fressengeas and Molinari, 1985,
1994; Mercier et al., 2010), which delays the onset of plastic localization.
Fig. 11 shows the average Lagrangian band spacing LL obtained from methods 1, 2
and 3. Two initial equivalent strain rates are investigated: _"
0
= 500 s 1 and _"0 = 5000 s 1.
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Figure 10: Finite elements: "neckx (diuse necking strain in principal direction X) versus "
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use necking strain in principal direction Y ) for three dierent initial equivalent strain rates
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= 5000 s 1, _"0 = 1000 s 1 (reference) and _"0 = 500 s 1. Isothermal conditions.
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Method 1 (nite elements) predicts, irrespective of the loading rate considered, a monotonic
rise of the band spacing with increasing neck" . These trends are properly captured by
method 2 (nite elements + stability analysis), which predicts values of neck spacing very
similar to those obtained from the nite elements. Method 3, by taking an appropriate
value of the eective e-instability, yields results of neck spacing which nd agreement with
the data obtained from methods 1 and 2 within the range  0:15 6 1" 6 0:05 in the case
of _"
0
= 500 s 1, and within the range  0:2 6 1" 6 0:05 in the case of _"0 = 5000 s 1. This
suggests that, as we increase the strain rate, the eective e-instability criterion provides
better predictions of the neck spacing.
Moreover, it is shown in Fig. 11 that increasing the strain rate markedly shortens the
average neck spacing within the whole range of loading paths tested. The strong decrease
in neck spacing is consistent with experimental observations and theoretical predictions
reported for dierent loading conditions (Altynova et al., 1996; Grady and Olsen, 2003;
Mercier and Molinari, 2003, 2004; Zhang and Ravi-Chandar, 2006; Mercier et al., 2010).
6.3. The eect of thermal coupling
Fig. 12 presents nite element computations for the diuse necking strain in princi-
pal direction X ("neckx ) versus the diuse necking strain in principal direction Y ("
neck
y )
considering on the one hand thermal coupling Eq. (16), and on the other hand isother-
mal conditions (reference). We observe that considering the thermal eects decreases the
necking strain and reduces the scatter in the nite element results. The increase of tem-
perature due to plastic deformation is responsible for the early ow localization (Mercier
et al., 2010), while the regularizing eect is most likely caused by the thermal conductivity
(see the works of Molinari (1997) and Rodrguez-Martnez et al. (2015a)).
Fig. 13 shows the average Lagrangian band spacing LL obtained from methods 1,
2 and 3 considering the thermal coupling. The nite element computations (method 1)
predict an increase of the band spacing with increasing neck" , as in sections 6.1 and 6.2.
It is shown by comparison with Fig. 9 (which illustrates the isothermal case), that the
thermal eects reduce the neck spacing within the whole range of 0" explored. Moreover,
to be noted that the results obtained from method 2 (nite elements + stability analysis)
are in very good agreement with the nite element computations. On the other hand,
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Figure 11: Average Lagrangian band spacing LL obtained from methods 1, 2 and 3. The abscissa
axis is the ratio of strains at diuse necking neck" for methods 1 and 2 and the ratio of strains
at perturbation 1" for method 3. Two dierent initial equivalent strain rates are shown: (a)
_"
0
= 500 s 1 and (b) _"0 = 5000 s 1. Isothermal conditions. Results for the reference initial
strain rate are shown in Fig. 9.
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method 3 provides results of neck spacing in agreement with methods 1 and 2 within the
range  0:18 6 1" 6 0:05.
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Figure 13: Average Lagrangian band spacing LL obtained from methods 1, 2 and 3 considering the
thermal coupling. The abscissa axis is the ratio of strains at diuse necking neck" for methods
1 and 2 and the ratio of strains at perturbation 1" for method 3. The thermal coupling is
considered. Initial equivalent loading rate _"
0
= 1000 s 1. Results for the isothermal conditions
are shown in Fig. 9.
7. Summary and conclusions
In this paper we have investigated the inception and development of necking bands
in ductile plates subjected to dynamic (in-plane) biaxial loading. For that task we have
developed two dierent methodologies: (1) a 2D linear stability analysis accounting for
stress triaxiality eects, and (2) nite element simulations.
 Linear perturbation analysis: we have extended the original formulation presented by
Dudzinski and Molinari (1988, 1991) in order to include inertia and stress triaxiality
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eects inside the necking. Inertia slows down the growth of long wavelength pertur-
bations whereas stress triaxiality slows down the growth of short wavelength pertur-
bations. This boosts the growth of an intermediate wavelength which determines the
most critical perturbation mode. Relying on this critical mode, we determine the
associated critical wavelength and critical directions of perturbation. We have shown
that the critical direction of perturbation follows the directions of zero stretch rate
if the ratio of strains is negative, whereas it follows the direction of the minor (in
plane) principal strain if the ratio of strains is positive.
 Finite element calculations: we have used ABAQUS/Explicit (Simulia, 2013a) to
carry out numerical calculations of the problem at hand. In agreement with the
stability analysis, the loading conditions correspond to constant velocities applied at
the edges of the plate. In order to avoid the spurious propagation of waves along the
plate, specic initial conditions consistent with the boundary conditions are imposed.
The calculations have shown that multiple necking bands are formed and developed
in the plate, following the orientations predicted by the linear stability analysis. Fur-
ther, the localization patterns predicted by the nite element calculations nd good
correlation with the experimental evidences reported in the literature by dierent
authors. The simulations performed for 0_" < 0 show the emergence of multiple pairs
of bands aligned with the directions of zero stretch rate which intersect at the bound-
aries of the sample, as shown in the experiments of Vaz-Romero et al. (2015). The
simulations performed for 0_"  0 show the development of localization bands parallel
to each other (and perpendicular to the major loading direction), as shown in the
experiments of Mercier et al. (2010).
The combination of the results obtained from the nite element method and the stability
analysis has permitted further insight into the role played by loading path, loading rate and
thermal conditions on necking spacing. The following key outcomes have been obtained:
 The eect of loading path: we have measured the distance between localization
bands using three dierent but complementary methodologies. The rst method
(used as reference) consists on measuring the necks spacing directly from the nite
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element computations, the second method combines the results obtained from the
nite elements and the stability analysis to determine the average distance between
necking bands and the third method (the so-called eective e-instability criterion
originally developed by Dudzinski and Molinari (1991)) relies, exclusively, on the
stability analysis to predict the distance between bands. Method 2 shows a slight
increase of the neck spacing with the ratio of strains, in agreement with nite element
calculations (method 1). However, method 3 nds satisfactory agreement with the
numerical computations only for negative (up to 1"   0:2) or little positive (up
to 1"  0:05) ratios of strain. As a result of the comparison between methods 1
and 2, we can claim that the combination of nite elements and stability analysis
is a reliable methodology to predict and rationalize the collective behaviour of the
necking bands for all the loading paths explored.
 The eect of loading rate: we have shown that the increase in loading rate leads to
the increase of the necking strain for all the loading paths investigated. In principle,
this could be in conict with experimental results recently reported in the litera-
ture which showed a decrease in necking strain with increasing applied velocity for
certain metallic materials subjected to dynamic biaxial loading. We claim that the
trends reported in this paper are intrinsic material eects, while the opposite trends
sometimes observed in experiments are primarily caused by structural eects (wave
related). Moreover, we have shown that increasing the strain rate markedly short-
ens the average neck spacing for all the loading paths tested. This observation is
consistent with experimental observations and theoretical predictions reported in the
literature for dierent loading conditions.
 The eect of thermal coupling: we have shown that taking into account the thermal
coupling leads to a substantial decrease in the necking strain, irrespective of the load-
ing path considered. Further, we have shown that considering the thermal coupling
regularizes the nite element computations, most likely because of the role played by
thermal conductivity. Moreover, both the linear stability analysis and the numerical
calculations demonstrated that the thermal eects shorten the neck spacing.
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All in all, in this paper we have developed a detailed theoretical investigation to establish
the mechanisms which play a key role in the localization of plastic deformation in ductile
plates subjected to dynamic biaxial loading. The systematic confrontation and combination
of results obtained from the linear perturbation analysis and the nite element calculations
has allowed to provide new insights into the specic localization patterns that emerge under
dynamic biaxial loading. As such, we cannot neglect the practical implications that come
out from this research. The results presented in this paper may help to devise the denite
laboratory tests which are needed to characterize the dynamic failure of sheets subjected
to biaxial loading. Further, we claim that this investigation sets a theoretical framework
that can be used for design and optimization of high speed metal forming operations, with
the ultimate goal of predicting the limits in material ductility which impose important
restrictions to this type of industrial processes.
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Appendix A. Kinematics of the fundamental solution
Appendix A.1. Preliminary denitions
 Stretch in the direction given by the unit vector a
a =
dx
dX
(A.1)
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with
dX = dXa (A.2)
dx = FdX (A.3)
and F the deformation gradient.
 Logarithmic deformation in direction a
"a = lna (A.4)
 Rate of deformation in direction a
D"a
Dt
= aTda (A.5)
d being the rate of deformation tensor.
Appendix A.2. Formulation in the frame fX; Y g
For direction x we assume a linear variation of velocity with the Lagrangian coordinate
X
Vx =
DUx
Dt
= _"0xX (A.6)
_"0x being a constant. This velocity eld leads to a null acceleration
Ax =
DVx
Dt
= 0 (A.7)
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which guarantees a uniform stress eld for the fundamental solution. Displacement is
obtained by temporal integration
Ux = _"
0
xXt (A.8)
and the Eulerian coordinate is given by
x = X + Ux =
 
1 + _"0xt

X (A.9)
The logarithmic strain and strain rate (material time derivative of strain) are given by
"x = ln

@x
@X

= ln
 
1 + _"0xt

(A.10)
_"x =
_"0x
1 + _"0xt
(A.11)
In Eulerian coordinates the velocity is
vx =
_"0x
1 + _"0xt
x (A.12)
and the rate of deformation
dxx =
@vx
@x
=
_"0x
1 + _"0xt
(A.13)
We may proceed in the same way for direction y
Vy =
DUy
Dt
= _"0yY (A.14)
y = Y + Uy =
 
1 + _"0yt

Y (A.15)
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"y = ln
 
1 + _"0yt

(A.16)
_"y =
_"0y
1 + _"0yt
(A.17)
vy =
_"0y
1 + _"0yt
y (A.18)
dyy =
@vy
@y
=
_"0y
1 + _"0yt
(A.19)
As can be observed in previous equations, the requirement of uniformity in the stress
eld leads to a non-proportional straining path
dyy
dxx
6= constant ; "y
"x
6= constant (A.20)
Nevertheless, note that the variation of previous ratios upon the loading is almost
negligible for the loading cases analysed in this paper, as previously shown in Fig. 4.
Regarding direction z we use the incompressibility condition tr (d) = 0 to get
dzz =   _"
0
x
1 + _"0xt
  _"
0
y
1 + _"0yt
(A.21)
Integrating Eq. (A.21) in z
vz =

  _"
0
x
1 + _"0xt
  _"
0
y
1 + _"0yt

z (A.22)
Integrating Eq. (A.21) in t and taking into account _"z = dzz (Eq. (A.5))
"z = ln
 
1
(1 + _"0xt)
 
1 + _"0yt
! (A.23)
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and from the denition of "z
"z = ln

@z
@Z

(A.24)
we get
z =
Z
(1 + _"0xt)
 
1 + _"0yt
 (A.25)
Finally, the deformation gradient is
F =
0BBB@
1 + _"0xt 0 0
0 1 + _"0yt 0
0 0 1
(1+ _"0xt)(1+ _"0yt)
1CCCA (A.26)
and the rate of deformation tensor
d = sym (l) = sym

_FF 1

=
0BBB@
dxx 0 0
0 dyy 0
0 0   (dxx + dyy)
1CCCA (A.27)
l being the velocity gradient. The proposed kinematics is homogeneous, deformation
gradient is not a function of the reference coordinates, therefore it carries straight lines into
straight lines. Considering a straight necking band in the reference conguration, given by
its angle 
L = 	 + =2 with respect to X axis, it is useful to know its orientation in the
deformed conguration, given by the angle 
E

E = arctan

1 + _"0yt
1 + _"0xt
tan 
L

(A.28)
Appendix A.3. Formulation in the frame fX1; X2g
Velocities are given by
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v1 =
_"0xx
1 + _"0xt
cos	 +
_"0yy
1 + _"0yt
sin	 (A.29)
v2 =
_"0yy
1 + _"0yt
cos	  _"
0
xx
1 + _"0xt
sin	 (A.30)
rates of deformations by
d11 =
_"0x
1 + _"0xt
cos2	+
_"0y
1 + _"0yt
sin2	 (A.31)
d22 =
_"0y
1 + _"0yt
cos2	+
_"0x
1 + _"0xt
sin2	 (A.32)
d12 =
  _"0x + _"0y
(1 + _"0xt)
 
1 + _"0yt
 cos	 sin	 (A.33)
d =
0BBB@
d11 d12 0
d12 d22 0
0 0   (d11 + d22)
1CCCA (A.34)
and the deformation gradient by
F =
0BBB@
(1 + _"0xt) cos
2	+
 
1 + _"0yt

sin2	
   _"0x + _"0y t cos	sin	 0   _"0x + _"0y t cos	sin	  1 + _"0yt cos2	+ (1 + _"0xt) sin2	 0
0 0 1
(1+ _"0xt)(1+ _"0yt)
1CCCA(A.35)
Appendix B. Stress correction in the neck due to stress triaxiality for a general
biaxial state
Consider a sheet with a neck aligned to direction 2 and submitted to a remote biaxial
stress state in directions 1 and 2. The neck has a thickness 2a and its contour has a radius
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of curvature R. Following the theory of Bridgman (1952), we may assume that the stress
eld across the neck neckij consists of a uniform eld 
u
ij plus a superposed hydrostatic
stress h which may vary with the coordinate z
neckij (z) = 
u
ij + h (z) for i = j (B.1)
neckij (z) = 0 for i 6= j (B.2)
We may use the expression proposed by Bridgman for the stress distribution in the
out-of-plane direction
neck33 (z) = 
a
11f (z) (B.3)
a11 being the stress 
neck
11 at z = a, and
f (z) = log

1 +
1
2
a
R

1  z
2
a2

(B.4)
This expression was derived for plane strain ("22 = 0) and plane stress (22 = 0)
conditions but it is likewise valid for any other strain or stress condition in direction 2
since it just denotes equilibrium in the out-of-plane direction.
Following Bridgman, we may assume that the constant stress in direction z is u33 = 0.
Then
h (z) = 
neck
33 (z) = 
a
11f (z) (B.5)
and
neck11 (z) = 
u
11 + 
a
11f (z) (B.6)
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Given that f (a) = 0, then a11 = 
u
11. We may now obtain the averaged stresses along
the neck in direction 1
avg11 =
R a
0
neck11 (z) dz
a
= u11B1 () (B.7)
where
B1 () =
p
1 +  1 log

1 + 2+ 2
p
 (1 + )

  1 (B.8)
with
 =
a
2R
=
h
8
@2h
@x21
(B.9)
This factor relating constant and averaged values of the stress neck11 was derived by
Bridgman for plane strain or plane stress conditions in direction 2 and, as stated here, is
equally valid for any other biaxial state.
Eq. (B.7) provides the relation between averaged and constant values of the stress
in direction 1 which has been validated with a nite element model, developed with
ABAQUS/Standard (Simulia, 2013b), for three dierent ratios of strain "22="11 namely
uniaxial tension, plane strain and equibiaxial stretching. Five dierent values of  were
considered, consistent with those adopted by Bai et al. (2009) for plane strain conditions.
The results presented in Fig. B.1 show the validity of Eq. (B.7) to relate averaged and
uniform stress in direction for the "22="11 range of interest in forming analysis.
In regard to the usage of the previous approach to consider the neck triaxiality eects
in the governing equations (Section 2) and linear stability analysis (Section 3), it is worth
to state the following remarks:
 Averaged values of the stresses should be used for the momentum equations.
 Since the hydrostatic component h does not aect neither yield nor plastic ow,
uniform values of the stresses should be used in both yield condition and ow rule.
Likewise, they should be used to calculate the plastic work.
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Figure B.1: Validation of the Bridgman correction factor B1() (Eq. (B.8)) for equibiaxial stretch-
ing, plane strain and uniaxial tension.
 The correction factor B1 has been derived for a biaxial stress state, thus neglecting
remote shear stresses, in order to fulll the hypothesis and equations of the analysis
proposed by Bridgman (principal stresses along the three coordinate axes). For
simplicity, we may however consider this factor in the more general case of a stress
state including 12. In this case, we do not establish any dierence between averaged
and constant values of the shear stress, that is, neck12 = 
avg
12 = 12.
Appendix C. Spatial derivation of a perturbation in a 2D Lagrangian frame
Perturbation of Eqs. (1-3), (14-16) and (18) requires the inverse of the perturbed
deformation gradient in the frame fX1; X2g. Starting from the perturbation of the Eulerian
coordinates
x1 = x
1
1 +x1 = x
1
1 + x1e
iX1e(t t
1) (C.1)
x2 = x
1
2 +x2 = x
1
2 + x2e
iX1e(t t
1) (C.2)
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the perturbed deformation gradient (considering only the components in the sheet
plane) becomes
F 2D =
0@ F 111 + ix1 F 112
F 121 + ix2 F
1
22
1A (C.3)
and its inverse
F 12D =
1

0@ F 122  F 112
 F 121   ix2 F 111 + ix1
1A (C.4)
with
 = det(F 2D) = F
1
11F
1
22   F 112F 121   iF 112x2 + iF 122x1 (C.5)
Then, derivatives of the increment of a generic variable f with respect to x1 or x2 are
calculated as
@f
@x1
=
@f
@X1
@X1
@x1
= if
F 122

(C.6)
@f
@x2
=
@f
@X1
@X1
@x2
=  if F
1
12

(C.7)
Multiplying the linearized equations by  and neglecting higher order terms will pre-
serve only the factor 1 = F 111F
1
22   F 112F 121. Thus  is approximated by 1, and x1 and
x2 do not appear in the resulting Eqs. (C.6) and (C.7).
Appendix D. Diuse and localized necking criteria
We evaluate material instability using both diuse and localized necking criteria. As
in section 6, we use the reference material parameters listed in Table 3 and the analysis is
conducted under isothermal conditions ( = 0) for the initial loading rate _"
0
= 1000 s 1.
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Following the procedure reported elsewhere (Triantafyllidis and Waldenmyer, 2004; Xue
et al., 2008; Rodrguez-Martnez et al., 2013c,b), the localized necking strain is given by
the condition d"=dt = 0, where " is measured within the unloading zone which surrounds
the necking band. The term localized necking describes the stage of the loading process
for which plastic ow is fully concentrated in the necked region.
Fig. D.2 shows the necking strain in principal direction X versus the necking strain
in principal direction Y corresponding to diuse and localized necking conditions. It is
observed that the scatter in the measurement of the necking strain (solid points) is sub-
stantially reduced using the criterion of localized necking. This is a robust criterion, less
inuenced by the variability in the round-o errors of the nite element code than the
diuse necking criterion. However, the "neckx   "necky curves corresponding to both criteria
are very similar in shape, the only dierence is that the results corresponding to the lo-
calized criterion are shifted upwards. This reinforces the idea introduced in section 6, for
a suciently large number of nite element results the diuse necking criterion provides
consistent trends in the "neckx - "
neck
y graph, in agreement with the results obtained from
the commonly used localized necking criterion.
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